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Abstract
In this paper we will deform a ABJ theory in N = 3 harmonic su-
perspace without breaking any supersymmetry. We will analyse this ABJ
theory and show that it retains the full N = 6 supersymmetry. We will
then analyse the gauge fixing and ghost terms for this model in various
gauges. We will also analyse the corresponding BRST and anti-BRST
symmetries of this model.
1 Introduction
Chern-Simons theories are also important in condensed matter physics due to
their relevance in fractional quantum Hall effect [1]-[4]. In fractional quantum
Hall effect the electrons are described as bosons in combined external and sta-
tistical magnetic fields. At special values of the filling fraction the statistical
field cancels the external field, in the mean field sense. The system at these
values of the filling fraction is described as a gas of bosons feeling no net mag-
netic field. These bosons condense into a homogeneous ground state. Thus, by
coupling Chern-Simons theory to the fermions in two dimensions, fermions can
be described as charged bosons carrying an odd integer number of flux quanta.
Recently, supersymmetric generalisation of fractional quantum Hall effect have
been investigated [5]-[14]. Furthermore, a relation between fractional quan-
tum Hall effect and noncommutative field theories has also been investigated
[15]-[18]. Thus, the noncommutative field theories have interesting condensed
matter applications. Thus, it will be interesting to analyse what effect the
graviphoton deformation can have on the properties of supersymmetric quan-
tum Hall systems. In fact, it will also be interesting to analyse the theory dual
to these deformations by using AdS/CMT correspondence [19]-[20]. This is
another motivation for studding Chern-Simons theories. It may be noted that
the holography of two dimensional conformal field theories is special because in
all higher dimensional examples, the propagating modes of a bulk gauge field
are dual to a symmetry current in the boundary theory. However, in two di-
mensional case, the boundary currents are captured by topological terms in the
bulk. It will also be interesting to analyse the gravity dual to the deformed ABJ
theory.
In this paper we will analyse the ABJ theory in harmonic superspace. The
harmonic superspace variable parameterize the coset SU(2)/U(1) and are well
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suited for analysing theories with hight amount of supersymmetry. Thus, the
harmonic superspace has been used for studding theories with N = 2 super-
symmetry in four dimensions [21]-[22]. They have also been used for studding
theories with N = 3 supersymmetry in three dimensions [23]-[25]. The ABJM
theory has also been analysed in harmonic superspace [26]. ABJM theory is a
superconformal Chern-Simons-matter theory with manifest N = 6 supersym-
metry which is expected to get enhanced to N = 8 supersymmetry [37]-[38]. In
this theory gauge fields are governed by the Chern-Simons action and the matter
fields live in the bifundamental representation of the gauge group U(N)×U(N)
[27]-[32]. It is thought to be a low energy description of N M2-branes on C4/Zk
orbifold because it coincides with the BLG theory for the only known example
of a Lie 3-algebra [33]-[36]. A generalization of the ABJM theory is called the
ABJ theory [39]-[42]. In this theory the matter fields live in the bifundamental
representation of gauge group U(M)×U(N) withM 6= N . This theory also has
N = 6 supersymmetry, but unlike the ABJM theory, non-planar corrections to
the two-loop dilatation generator of ABJ theory mix states with positive and
negative parity, and this mixing is proportional toM −N [43]. The ABJ theory
reduces to the ABJM theory when M = N , and there is clearly no mixing for
the ABJM theory.
In string theory the NS backgrounds cause a noncommutative deformation
of the spacetime [46]-[49] and the RR backgrounds causes a non-anticommutative
deformation of the Grassmann coordinates which in-turn partially break the su-
persymmetry of the theory [55]-[60]. However, gravitino backgrounds cause a
noncommutative deformation between the spacetime and Grassmann coordi-
nates [50]-[54]. The non-anticommutative deformation of harmonic superspace
has already been analysed [62]-[65]. As M-theory is dual to type II string the-
ory a deformation of the string theory side will also generate a deformation on
the M-theory side. So, in this paper we will thus analyse a deformation of the
ABJ theory caused by a non-vanishing commutator between the spacetime and
Grassman coordinates. It will also be interesting to analyse the gravity dual of
the deformed ABJ theory. This motivates the study of deformation of the ABJ
theory.
We will analyse the BRST and the anti-BRST symmetries of this theory in
various gauges. The BRST and the anti-BRST symmetries occur for theories
with a gauge degrees of freedom [66]. In Landau and Curci-Ferrari gauges the
BRST and the anti-BRST transformations along with few other transformations
generate a algebra known as the Nakanishi-Ojima algebra [68]-[71]. In fact, this
Nakanishi-Ojima algebra is mass-deformed in massive Curci-Ferrari gauge [72].
The BRST symmetry for the ordinary Chern-Simons theory [67]-[73] and N = 1
Chern-Simons theory [74]-[75] has been already studied. The BRST symmetry
of noncommutative pure Chern-Simons theory has also been analysed [76]-[77].
The BRST symmetry for the deformed ABJ theory has already been studied
[78]. In this paper will generalize this work to include the anti-BRST symmetry.
Thus, we will analyse the BRST and the anti-BRST symmetries of the deformed
ABJ theory in harmonic superspace.
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2 Harmonic superspace
The N = 3 harmonic superspace is constructed using the following derivatives
D++ = ∂++ + 2iθ++aθ0b∂Aab + θ
++a ∂
∂θ0a
+ 2θ0a
∂
∂θ−−a
,
D−− = ∂−− − 2iθ−−aθ0b∂Aab + θ
−−a ∂
∂θ0a
+ 2θ0a
∂
∂θ++a
,
D0 = ∂0 + 2θ++a
∂
∂θ++a
− 2θ−−a
∂
∂θ−−a
, (1)
and
D−−a =
∂
∂θ++a
+ 2iθ−−b∂Aab, D
0
a = −
1
2
∂
∂θ0a
+ iθ0b∂Aab,
D++a =
∂
∂θ−−a
, (2)
where
∂++ = u+i
∂
∂u
−
i
, ∂−− = u−i
∂
∂u+i
,
∂0 = u+i
∂
∂u
+
i
− u−i
∂
∂u
−
i
. (3)
Here the harmonic variables u± are subjected to the constraints
u+iu−i = 1, u
+iu+i = u
−iu−i = 0. (4)
These derivatives are satisfy
{D++a , D
−−
b } = 2i∂
A
ab, {D
0
a, D
0
b} = −i∂
A
ab,
[D∓∓, D±±a ] = 2D
0
a, [D
0, D±±a ] = ±2D
±±
a ,
∂0 = [∂++, ∂−−], [D++, D−−] = D0.
{D±±a , D
0
b} = 0 , [D
±±, D0a] = D
±±
a . (5)
The full harmonic superspace is parameterized by
z = (xab, θ++a , θ
−−
a , θ
0
a, u
±
i ), (6)
and the analytic superspace is parametrized by
ζA = (x
ab
A , θ
++
a , θ
0
a, u
±
i ), (7)
where
xabA = (γm)
abxmA = x
ab + i(θ++aθ−−b + θ++bθ−−a). (8)
This is because the analytic superspace is defined to be independent of the θ−−a ,
D++a ΦA = 0 ⇒ ΦA = ΦA(ζA). (9)
In this superspace the generators of the supersymmetry are denoted by
Q++a = u
+
i u
+
j Q
ij
a , Q
−−
a = u
−
i u
−
j Q
ij
a ,
Q0a = u
+
i u
−
j Q
ij
a , (10)
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where
Qija =
∂
∂θaij
− θijb∂ab, (11)
and the superspace measures are denoted by
d9z = −
1
16
d3x(D++)2(D−−)2(D0)2,
dζ(−4) =
1
4
d3xAdu(D
−−)2(D0)2 . (12)
A conjugation in this superspace is defined by
(˜u±i ) = u
±i, ˜(xmA ) = xmA ,˜(θ±±a ) = θ±±a , (˜θ0a) = θ0a. (13)
Thus, the analytic superspace measure is real and the full superspace measure
is imaginary.
Now we can analyse the deformation of this superspace, caused by a gravitino
background. This deformation gives rise to the following commutator
[θ++a, xµ] = Aaµ, (14)
and so this deformation does not break any supersymmetry. This deformation
induces the following star product in this superspace,
V ++(z) ⋆ V ++(z) = exp−
1
2
(
Aaµ(∂2a∂
1
µ + ∂
1
a∂
2
µ)
)
×V ++(z1)V
++(z2) |z1=z2=z . (15)
Now we can construct the action for ABJ theory in this deformed superspace
using V ++L and V
++
R , which are defined by
V ++L = u
+
i u
+
j V
ij
L ,
V ++R = u
+
i u
+
j V
ij
R , (16)
where V ijL and V
ij
R are fields transforming under the gauge group U(M) and
U(N), respectively. We also define matter fields q+ and q¯+, which transform
under the bifundamental representation of the group U(N) × U(M). Now the
action for this deformed ABJ theory, which is invariant under the gauge group
U(N)× U(M), can be written as
S = SCS,k[V
++
L ]⋆ + SCS,−k[V
++
R ]⋆ + SM [q
+, q¯+]⋆, (17)
where
SCS,k[V
++
L ]⋆ =
ik
4π
tr
∞∑
n=2
(−1)n
n
∫
d3xd6θdu1 . . . dunH
++
L ,
SCS,−k[V
++
R ]⋆ = −
ik
4π
tr
∞∑
n=2
(−1)n
n
∫
d3xd6θdu1 . . . dunH
++
R ,
SM [q
+, q¯+]⋆ = tr
∫
dζ(−4)q¯+ ⋆∇++ ⋆ q+, (18)
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and
H++L =
V ++(z, u1)L ⋆ V
++(z, u2)L . . . ⋆ V
++(z, un)L
(u+1 u
+
2 ) . . . (u
+
nu
+
1 )
,
H++R =
V ++(z, u1)R ⋆ V
++(z, u2)R . . . ⋆ V
++(z, un)R
(u+1 u
+
2 ) . . . (u
+
nu
+
1 )
,
∇++q+ = D++q+ + V ++L ⋆ q
+ − q+ ⋆ V ++R ,
∇++q¯+ = D++q¯+ − q¯+ ⋆ V ++L + V
++
R ⋆ q¯
+. (19)
The covariant derivatives for the matter fields in the deformed ABJ theory are
given by
∇++q+ = D++q+ + V ++L ⋆ q
+ − q+ ⋆ V ++R ,
∇++q¯+ = D++q¯+ − q¯+ ⋆ V ++L + V
++
R ⋆ q¯
+, (20)
It is useful to define V −−L and V
−−
R as
V −−L =
∞∑
n=1
(−1)n
∫
du1 . . . dunE
++
L ,
V −−R =
∞∑
n=1
(−1)n
∫
du1 . . . dunE
++
R , (21)
where
E++L =
V ++L (z, u1) ⋆ V
++
L (z, u2) . . . ⋆ V
++
L (z, un)
(u+u+1 )(u
+
1 u
+
2 ) . . . (u
+
nu+)
,
E++R =
V ++R (z, u1) ⋆ V
++
R (z, u2) . . . ⋆ V
++
R (z, un)
(u+u+1 )(u
+
1 u
+
2 ) . . . (u
+
nu+)
. (22)
It is also useful to define W++L and W
++
R as
W++L = −
1
4
D++aD++a V
−−
L ,
W++R = −
1
4
D++aD++a V
−−
R . (23)
This ABJ theory is invariant under the following infinitesimal gauge transfor-
mations
δq+ = ΛL ⋆ q
+ − q+ ⋆ ΛR,
δq¯+ = ΛR ⋆ q¯
+ − q¯+ ⋆ ΛL,
δV ++L = ∇
++ΛL,
δV ++R = ∇
++ΛR, (24)
where
∇++ ⋆ ΛL = −D
++ΛL − [V
++
L ,ΛL]⋆,
∇++ ⋆ ΛR = −D
++ΛR − [V
++
R ,ΛR]⋆, (25)
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and the following N = 3 supersymmetric transformations
δǫq
+ = iǫa∇ˆ0a ⋆ q
+ ,
δǫq¯
+ = iǫa∇ˆ0a ⋆ q¯
+ ,
δǫV
++
L =
8π
k
ǫaθ0a ⋆ q
+⋆¯q+ ,
δǫV
++
R =
8π
k
ǫaθ0a ⋆ q¯
+ ⋆ q+ , (26)
where
∇ˆ0a ⋆ q
+ = ∇0a ⋆ q
+ + θ−−a (W
++
L ⋆ q
+ − q+ ⋆ W++R ) ,
∇0a ⋆ q
+ = D0aq
+ + V 0La ⋆ q
+ − q+ ⋆ V 0Ra ,
V 0L,Ra = −
1
2
D++a V
−−
L,R .
(27)
Thus, apart from the original manifest N = 3 supersymmetry, this model has
additional N = 3 supersymmetry. So, this ABJM theory has N = 6 supersym-
metry.
3 Linear Gauge
As the deformed ABJ theory is invariant under gauge transformations given by
Eq. (24), we can not quantize it without fixing a gauge. Thus, we choose the
gauge fixing conditions,
D++ ⋆ V ++L = 0, D
++ ⋆ V ++R = 0. (28)
To incorporate these gauge fixing conditions at a quantum level, we add the
following gauge fixing term to the original Lagrangian density,
Lgf =
∫
dζ(−4)tr
[
bL ⋆ (D
++V ++L ) +
α
2
bL ⋆ bL
−bR ⋆ (D
++V ++R ) +
α
2
bR ⋆ bR
]
|
. (29)
In order to ensure unitarity of the model we also add the following ghost term
to the original Lagrangian density,
Lgh = tr
∫
dζ(−4)[cL ⋆ D
++∇++ ⋆ cL − cR ⋆ D
++∇a ⋆ cR]|. (30)
The sum of the gauge fixing term and the ghost term, Lg = Lgf + Lgh, is a
total BRST of Φ, and a total anti-BRST variation of Φ,
Lg =
∫
dζ(−4)s tr[Φ]|
= −
∫
dζ(−4)s tr[Φ]|, (31)
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where
Φ = cL ⋆
(
D++V ++L −
iα
2
bL
)
− cR ⋆
(
D++V ++R −
iα
2
bR
)
,
Φ = cL ⋆
(
D++V ++L −
α
2
bL
)
− cR ⋆
(
D++V ++R −
α
2
bR
)
. (32)
Here the BRST transformations are given by
s V ++L = ∇
++ ⋆ cL, s V
++
R = ∇
++
R ⋆ cR,
s cL = −[cL, cL]⋆, s cR = −bR − 2[cR, cR]⋆,
s cL = bL, s cR = −[cR, cR]⋆,
s bL = 0, s bR = −[bR, cR]⋆,
s q+ = cL ⋆ q
+ − q+ ⋆ cR, s q¯
+ = cR ⋆ q¯
+ − q¯+ ⋆ cL, (33)
and the anti-BRST transformations are given by
s V ++ = ∇++ ⋆ cL, s V
++
R = ∇
++ ⋆ cR,
s cL = −bL − 2[cL, cL]⋆, s cR = bR,
s cL = −[cL, cL]⋆, s cR = −[cR, cR]⋆,
s bL = −[bL, cL]⋆, s bR = 0,
s q+ = cL ⋆ q
+ − q+ ⋆ cR, s q¯
+ = cR ⋆ q¯
+ − q¯+ ⋆ cL. (34)
Both these transformations are nilpotent, s2 = s2 = 0. In fact, they also satisfy,
ss + ss = 0. Now as the sum of the ghost term and the gauge fixing term is
expressed as a total BRST or a total anti-BRST variation, it invariant under
them. This is because of the nilpotency of these transformations. The BRST
or the anti-BRST variation of the original classical Lagrangian density are its
gauge variations with the gauge parameter replaced by the ghosts or the anti-
ghosts. As the original classical Lagrangian density was gauge invariant, so
it is also invariant under these BRST and anti-BRST transformations. Thus,
the effective Lagrangian density, which is defined to be a sum of the original
classical Lagrangian density, the gauge fixing term and the ghost term, is also
invariant under these BRST and anti-BRST transformations. The sum of the
gauge fixing term and ghost term takes a simple form in the Landau gauge,
α = 0,
Lg =
∫
dζ(−4)s tr
[
cL ⋆ (D
++V ++L )− cR ⋆ (D
++V ++R )
]
|
=
∫
dζ(−4)s tr
[
cL ⋆ (D
++V ++L )− cR ⋆ (D
++V ++R )
]
|
. (35)
In fact, in Landau gauge this can be expressed as combination of a total BRST
and a total anti-BRST variation. Thus, in Landau gauge sum of the gauge
fixing term and the ghost term is given by
Lg = −
1
2
∫
dζ(−4)ss tr[Z]|
=
1
2
∫
dζ(−4)ss tr[Z]|, (36)
where
Z = V ++L ⋆ V
++
L − V
++
R ⋆ V
++
R . (37)
7
4 Non-Linear Gauges
For gauge theories sum of the gauge fixing term and the ghost term can also
be expressed as a combination of the total BRST and the total anti-BRST
variation, for any value of α in Curci-Ferrari gauge [68]-[71]. Here we will show
that this also holds for a deformed ABJ theory in N = 3 harmonic superspace
formalism. The non-linear BRST transformations for the deformed ABJ theory
in N = 3 harmonic superspace are given by
s V ++L = ∇
++ ⋆ cL, s bL = −[bL, cL]⋆ − [cL, [cL, cL]⋆]⋆,
s cL = −[cL, cL]⋆, s cL = bL − [cL, cL]⋆,
s V ++R = ∇
++
R ⋆ cR, s bR = −[bR, cR]⋆ − [cR, [cR, cR]⋆]⋆
s cR = −[cR, cR]⋆, s cR = bR − [cR, cR]⋆,
s q+ = cL ⋆ q
+ − q+ ⋆ cR, s q¯
+ = cR ⋆ q¯
+ − q¯+ ⋆ cL, (38)
and the non-linear anti-BRST transformations for the deformed ABJM theory
in N = 3 harmonic superspace are given by
s V ++L = ∇
++ ⋆ cL, s bL = −[bL, cL]⋆ + [cL, [cL, cL]⋆]⋆,
s cL = −[cL, cL]⋆, s cL = −bL − [cL, cL]⋆,
s V ++R = ∇
++ ⋆ cR, s bR = −[bR, cR]⋆ + [cR, [cR, cR]⋆]⋆,
s cR = −[cR, cR]⋆, s cR = −bR − [cR, cR]⋆,
s q+ = cL ⋆ q
+ − q+ ⋆ cR, s q¯
+ = cR ⋆ q¯
+ − q¯+ ⋆ cL. (39)
These transformations also satisfy s2 = s2 = ss + ss = 0. Thus, both these
transformations are also nilpotent. We can now write sum of the gauge fixing
term and the ghost term for this deformed ABJ theory as a combination of a
total BRST and a total anti-BRST variation
Lg =
1
2
∫
dζ(−4)ss tr[Z + Y]|
= −
1
2
∫
dζ(−4)ss tr[Z + Y]|, (40)
where
Y = αcR ⋆ cR − αcL ⋆ cL. (41)
In gauge theories [68]-[71], the addition of a bare mass term breaks the
nilpotency of the BRST and the anti-BRST transformations. Here we will show
that this also occurs for a deformed ABJ theory in N = 3 harmonic superspace
formalism. The bare mass term is added to Curci-Ferrari model to obtain a
massive Curci-Ferrari model as follows
Lg = −
1
2
∫
dζ(−4)[ss+ im2] tr [Z + Y]|
=
1
2
∫
dζ(−4)[ss− im2] tr [Z + Y]| . (42)
Now the BRST transformations get modified as follows
s V ++L = ∇
++ ⋆ cL, s bL = im
2cL − [bL, cL]⋆ − [cL, [cL, cL]⋆]⋆,
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s cL = −[cL, cL]⋆, s cL = bL − [cL, cL]⋆,
s V ++R = ∇
++ ⋆ cR, s bR = im
2cR − [bR, cR]⋆ − [cR, [cR, cR]⋆]⋆
s cR = −[cR, cR]⋆, s cR = bR − [cR, cR]⋆,
s q+ = cL ⋆ q
+ − q+ ⋆ cR, s q¯
+ = cR ⋆ q¯
+ − q¯+ ⋆ cL, (43)
and the anti-BRST transformations get modified as
s V ++L = ∇
++ ⋆ cL, s bL = im
2cL − [bL, cL]⋆ + [cL, [cL, cL]⋆]⋆,
s cL = −[cL, cL]⋆, s cL = −bL − [cL, cL]⋆,
s V ++R = ∇
++ ⋆ cR, s bR = im
2cR − [bR, cR]⋆ + [cR, [cR, cR]⋆]⋆,
s cR = −[cR, cR]⋆, s cR = −bR − [cR, cR]⋆,
s q+ = cL ⋆ q
+ − q+ ⋆ cR, s q¯
+ = cR ⋆ q¯
+ − q¯+ ⋆ cL. (44)
These modified BRST and anti-BRST transformations now satisfy
s2 = s2 ∼ 2im2. (45)
Thus, the addition of the bare mass term breaks the nilpotency of the BRST and
the anti-BRST transformations. However, in the zero mass limit, the nilpotency
of the BRST and the anti-BRST transformations is restored.
5 Nakanishi-Ojima Algebra
When ever the sum of the gauge fixing term and the ghost term can be written
as a combination of the total BRST and the total anti-BRST variation, the total
Lagrangian density is invariant under a set of symmetry transformations which
obey a SL(2, R) algebra called Nakanishi-Ojima algebra. We will show that this
algebra also hold for the ABJ theory in N = 3 harmonic superspace. To do so
we first define the following transformations for the deformed ABJ theory,
δ1 bL = [cL, cL]⋆, δ1 bR = [cR, cR]⋆, δ1 cL = 0,
δ1 cR = 0, δ1 cL = cL, δ1 cR = cR,
δ1 V
++
L = 0, δ1 V
++
R = 0, δ1 q
+ = 0,
δ1 q¯
+ = 0, δ2 bL = [cL, cL]⋆, δ2 bR = [cR, cR]⋆,
δ2 cL = cL, δ2 cR = cR, δ2 cL = 0,
δ2 cR = 0, δ2 q
+ = 0 δ2 q¯
+ = 0. (46)
Now we can see that in Landau and Curci-Ferrari gauges these transformations,
the BRST transformation and the anti-BRST transformation along with the
FP -conjugation form the Nakanishi-Ojima SL(2, R) algebra,
[s, s]⋆ = 0, [s, s]⋆ = 0,
[s, s]⋆ = 0, [δ1, δ2]⋆ = −2δFP
[δ1, δFP ]⋆ = −4δ1, [δ2, δFP ]⋆ = 4δ2,
[s, δFP ]⋆ = −2s, [s, δFP ]⋆ = 2s,
[s, δ1]⋆ = 0, [s, δ1]⋆ = −2s,
[s, δ2]⋆ = 2s, [s, δ2]⋆ = 0. (47)
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A bare mass term breaks the nilpotency of the BRST and the anti-BRST trans-
formations in the massive Curci-Ferrari gauge. However, the FP -conjugation is
not broken in the massive Curci-Ferrari gauge. Thus, we are able construct a
mass-deformed version of this Nakanishi-Ojima in massive Curci-Ferrari gauge,
[s, s]⋆ = −2im
2δ1, [s, s]⋆ = 2im
2δ2,
[s, s]⋆ = 2im
2δFP , [δ1, δ2]⋆ = −2δFP
[δ1, δFP ]⋆ = −4δ1, [δ2, δFP ]⋆ = 4δ2,
[s, δFP ]⋆ = −2s, [s, δFP ]⋆ = 2s,
[s, δ1]⋆ = 0, [s, δ1]⋆ = −2s,
[s, δ2]⋆ = 2s, [s, δ2]⋆ = 0. (48)
6 Physical States
It is now possible to construct current corresponding to the BRST and the
anti-BRST symmetries of this theory. The current associated with the BRST
symmetry is given by
2Jµ(B) =
∫
dζ(−4)tr
[
∂Leff
∂DµV
++
L
⋆ s V ++L +
∂Leff
∂DµcL
⋆ s cL +
∂Leff
∂DµcL
⋆ s cL
+
∂Leff
∂DµbL
⋆ s bL +
∂Leff
∂DµV
++
R
⋆ s V ++R +
∂Leff
∂DµcR
⋆ s ]cR
+
∂Leff
∂DµcR
⋆ s cR +
∂Leff
∂DµbR
⋆ s bR +
∂Leff
∂Dµq+
⋆ s q+
+
∂Leff
∂Dµq¯+
⋆ s q¯+
]
|
, (49)
and current associated with the anti-BRST symmetry is given by
2J
µ
(B) =
∫
dζ(−4)tr
[
∂Leff
∂DµV
++
L
⋆ sV ++L +
∂Leff
∂DµcL
⋆ s cL +
∂Leff
∂DµcL
⋆ s cL
+
∂Leff
∂DµbL
⋆ s bL +
∂Leff
∂DµV
++
R
⋆ s V ++R +
∂Leff
∂DµcR
⋆ s cR
+
∂Leff
∂DµcR
⋆ s cR +
∂Leff
∂DµbR
⋆ s bR +
∂Leff
∂Dµq+
⋆ s q+
+
∂Leff
∂Dµq¯+
⋆ s q¯+
]
|
, (50)
where ∫
dζ(−4)[Leff ]| = Lc + Lgh + Lgf . (51)
If we restrict the deformations to space-like deformations, then the charges
corresponding to the BRST and the anti-BRST symmetries are given by
QB =
∫
d3y J0(B),
QB =
∫
d3y J
0
(B). (52)
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So, from now on we shall restrict the deformations to space-like deformations.
Now these charge associated with the BRST and the anti-BRST symmetries
transformation commutes with the Hamiltonian and are conserved. These charges
are nilpotent for all gauges except the massive Curci-Ferrari gauge,
Q2B = Q
2
B = 0. (53)
However, for massive Curci-Ferrari gauge these charges are not nilpotent
Q2B 6= 0,
Q
2
B 6= 0. (54)
Now we define physical states as states that are annihilated by QB
QB|φp〉 = 0. (55)
We can equivalently define the physical states as states that are annihilated by
QB
QB|φp〉 = 0. (56)
The inner product of those physical states, which are obtained from unphysical
states by the action of these charges, vanishes with all other physical states.
This is because if |φup〉 is a unphysical state, then
〈φp|QB|φup〉 = 0,
〈φp|Q|φup〉 = 0. (57)
So, all the relevant physical information lies in the physical states which are
not obtained by the action of these charges on unphysical states. Now if the
asymptotic physical states are given by
|φpa,out〉 = |φpa, t→∞〉,
|φpb,in〉 = |φpb, t→ −∞〉, (58)
then a typical S-matrix element can be written as
〈|φpa,out|φpb,in〉 = 〈|φpa|S
†S|φpb〉. (59)
As these charges commute with the Hamiltonian, the time evolution of any
physical state will also also be annihilated by them. This implies that the states
S|φpb〉 must be a linear combination of states physical states. So we can write
〈|φpa|S
†S|φpb〉 =
∑
i
〈|φpa|S
†|φ0,i〉〈φ0,i|S|φpb〉. (60)
Since the full S-matrix is unitary this relation implies that the S-matrix re-
stricted to physical sub-space is also unitarity. It may be noted that the nilpo-
tency of these charges was essential for proving the unitarity of the resultant
theory. However, in massive Curci-Ferrari gauge these charges are not nilpotent,
Q2B|φ〉 6= 0,
Q
2
B |φ〉 6= 0, (61)
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so the S-matrix does not factorize in the massive Curci-Ferrari gauge,
〈|φpa|S
†S|φpb〉 6=
∑
i
〈|φpa|S
†|φ0,i〉〈φ0,i|S|φpb〉, (62)
and thus the resultant theory is not unitarity. However, as the nilpotency is
restored in the zero mass limit, the unitarity is also restored in the zero mass
limit.
7 Conclusion
In this paper we have analysed a deformed ABJ theory in N = 3 harmonic
superspace. The classical Lagrangian density was represented by the difference
of the two Chern-Simons sectors for the left and right gauge groups plus the
Lagrangian density of the matter fields which was minimally coupled to the
gauge superfields. No explicit superfield potential was needed in the action.
We analysed the BRST and the anti-BRST symmetries of this model in various
gauges. The sum of the ghost term and the gauge fixing term was expressed as
a combination of a total BRST and a total anti-BRST variation, in Landau and
Curci-Ferrari gauges.
It will also be interesting to generalized this work to include boundaries.
The existence of boundaries can have a lot of applications in condensed matter
physics, due to the existence of edge currents [79]-[84]. There is a well-known
connection between Chern-Simons theories on a three dimensional manifold and
the two dimensional conformal field theories on its boundaries [85]. For pure
Chern-Simons theory with suitable boundary conditions, a component of the
gauge field, say A0, appears linearly in the action and so can be integrated out,
imposing the constraint F12 = 0 [86]-[87]. This constraint can be solved explic-
itly resulting in a two dimensional WZW model. Even though the ABJM is
not topological, it is still conformal. So, in presence of a boundary the ABJM
action also gets modified. In this new modified ABJM action the Chern-Simons
gauge potential is coupled to a boundary WZW model. This boundary action
reproduces the pure WZW action when starting from a pure Chern-Simon ac-
tion. Thus, it is gauge invariant even in presence of a boundary. This has been
done for the ABJM theory in N = 1 superspace [88]. This has also been done
for the BLG theory in N = 1 superspace [89].
Just like strings can end on D-branes in string theory, M2-branes can end on
M5-branes, M9-branes or gravitational waves in M-theory [90]. So, M2-branes
in M-theory are analogous to string in string theory. Furthermore, just like
various background fluxes can cause various deformations in string theory, the
presence of a background flux can also cause deformation in the M-theory [91].
Thus, the open M2-brane action can be studied to learn about M5-brane action.
The BLG model has been used to motivate a novel quantum geometry on the
M5-brane world-volume, by analysing a system of multiple M2-branes ending
on a M5-brane with a constant C-field [92]. The the BLG action with Nambu-
Poisson 3-bracket has also been identified with a M5-brane action, with a large
worldvolume C-field [93]. Furthermore, by analysing the action for a single open
M2-branes, a non-commutative deformation of string theory on the M5-brane
worldvolume has been studied [94]-[97]. It will also be interesting to analyse
these results for the ABJ theory in harmonic superspace.
12
References
[1] D. Orgad and S. Levit, Phys. Rev. B 53, 7964 (1996)
[2] A. Lopez and E. Fradkin, Phys. Rev. B 69, 155322 (2004)
[3] B. Skoric and A. M. M. Pruisken, Nucl. Phys. B 559, 637 (1999)
[4] I. Ichinose, A. Sekiguchi, Nucl. Phys. B 493, 683 (1997)
[5] K. Hasebe, Phys. Rev. D 72, 105017 (2005)
[6] K. Hasebe, Phys. Rev. Lett. 94, 206802 (2005)
[7] K. Hasebe, Phys. Lett. A 372, 1516 (2008)
[8] E. Ivanov, L. Mezincescu and P. K. Townsend JHEP. 0601, 143 (2006)
[9] K. Hasebe, Phys. Rev. D 74, 045026 (2006)
[10] X. G. Wen, Adv. Phys. 44, 405 (1995)
[11] P. L. McEuen, A. Szafer, C. A. Richter, B. W. Alphenaar, J. K. Jain, A.
D. Stone, R. G. Wheeler and R. N. Sacks, Phys. Rev. Lett. 64, 2062 (1990)
[12] D. Orgad and S. Levit, Phys. Rev B 53, 7964 (1996)
[13] T. Morinari and N. Nagaosa, Solid State Comm. 100, 163 (1996)
[14] F. D. M. Haldane, J. Phys. C 14, 2585 (1981)
[15] A. Jellal, Mod. Phys. Lett. A18, 1473 (2003)
[16] O. F. Dayi and A. Jellal, J. Math. Phys. 43, 4592 (2002)
[17] S. Hellerman and M. V. Raamsdonk, JHEP. 0110, 039 (2001)
[18] A. Pinzul and A. Stern, Mod. Phys. Lett. A18, 1215 (2003)
[19] K. Jensen, JHEP. 1101, 109 (2011)
[20] E. O. Colgaina and H. Samtleben, JHEP. 1102, 031 (2011)
[21] A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky, E. S. Sokatchev, Harmonic
Superspace, Cambridge University Press (2001)
[22] A. Galperin, E. Ivanov, S. Kalitzin, V. Ogievetsky and E. Sokatchev, class.
Qant. Grav. 1, 469 (1984)
[23] A. Galperin, E. Ivanov, V. Ogievetsky and E. Sokatchev, JETP. 40, 912
(1984)
[24] B.M. Zupnik, Supersymmetries and quantum symmetries, eds. J. Wess and
E. Ivanov, Springer Lect. Notes in Phys. 524, 116 (1998)
[25] B.M. Zupnik and D.V. Khetselius, Sov. J. Nucl. Phys. 47, 730 (1988)
[26] I. L. Buchbinder, E. A. Ivanov, O. Lechtenfeld, N. G. Pletnev, I. B. Sam-
sonov and B.M. Zupnik, JHEP. 0903, 096 (2009)
13
[27] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, JHEP. 0810,
091 (2008)
[28] I.L. Buchbinder, E.A. Ivanov, O. Lechtenfeld, N.G. Pletnev, I.B. Samsonov
and B.M. Zupnik, JHEP. 0903, 096 (2009)
[29] M. Naghdi, Int. J. Mod. Phys. A 26, 3259 (2011)
[30] A. Gustavsson, JHEP. 1101, 037 (2011)
[31] M. Faizal Comm. Theor. Phys. 57, 637 (2012)
[32] M. Faizal Phys. Rev. D 84, 106011 (2011)
[33] J. Bagger and N. Lambert, Phys. Rev. D 75, 045020 (2007)
[34] J. Bagger and N. Lambert, Phys. Rev. D 77, 065008 (2008)
[35] J. Bagger and N. Lambert, JHEP. 0802, 105 (2008)
[36] A. Gustavsson, Nucl. Phys. B811, 66 (2009)
[37] O-Kab Kwon, P. Oh and J. Sohn, JHEP. 0908, 093 (2009)
[38] H. Samtleben and R. Wimmer, JHEP. 1010, 080 (2010)
[39] O. Aharony, O. Bergman and D. L. Jafferis, JHEP. 0811, 043 (2008)
[40] S. Cremonesi, JHEP. 1101, 076 (2011)
[41] J. Evslin and S. Kuperstein, JHEP. 0912, 016 (2009)
[42] J. A. Minahan, O. Ohlsson Sax and C. Sieg, J. Phys. A43, 275402 (2010)
[43] P. Caputa, C. Kristjansen and K. Zoubos, Phys. Lett. B 677, 197 (2009)
[44] B. Safarzadeh, Phys.Lett. B601, 81 (2004)
[45] A. F. Ferrari, M. Gomes, J. R. Nascimento, A. Yu. Petrov and A. J. da
Silva, Phys. Rev. D74, 125016, (2006)
[46] N. Seiberg and E. Witten, JHEP. 9909, 032 (1999)
[47] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001)
[48] S. Doplicher, K. Fredenhagen and J. E. Roberts, Commun. Math. Phys.
172, 187 (1995)
[49] A. Connes, Non commutative geometry. Academic Press, Inc. London
(1990)
[50] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys. Lett. B574,
(2003) 98 (2003)
[51] K. Ito and S. Sasaki, JHEP. 0611, 004 (2006)
[52] K. Ito, Y. Kobayashi and S. Sasaki, JHEP. 0704, 011 (2007)
[53] P. Meessen and T. Ortin, Nucl. Phys. B 684, 235 (2004)
14
[54] N. Berkovits and N. Seiberg, JHEP. 0307, 010 (2003)
[55] H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7, 53 (2003)
[56] N. Seiberg, JHEP. 0306, 010 (2003)
[57] E. Chang-Young, H.Kim and H. Nakajima, JHEP. 0804, 004 (2008)
[58] K. Araki, T. Inami, H. Nakajima and Y. Saito, JHEP. 0601, 109 (2006)
[59] J. S. Cook, J. Math. Phys. 47, 012304 (2006)
[60] Y. Kobayashi and S. Sasaki, Phys.Rev. D72, 065015 (2005)
[61] N. Berkovits and N. Seiberg, JHEP. 0307, 010 (2003)
[62] B. Safarzadeh, Phys.Lett. B601, 81 (2004)
[63] I. L. Buchbinder, E. A. Ivanov, O. Lechtenfeld, I.B. Samsonov and B.M.
Zupnik, Phys. Part. Nucl. 39, 759 (2008)
[64] E. Ivanov, O. Lechtenfeld and B. Zupnik, Nucl. Phys. B 707, 69 (2005)
[65] A. De Castro, E. Ivanov, O. Lechtenfeld and L. Quevedo, Nucl. Phys. B
747, 1 (2006)
[66] N. Nakanishi and I. Ojima, Covariant operator formalism of gauge theories
and quantum gravity - World Sci. Lect. Notes. Phys. (1990)
[67] J. Fjelstad and S. Hwang, Phys. Lett. B466, 227 (1999)
[68] H. Nicolai, Phys. Lett. B89, understand how these results arising from
different approaches are related.341 (1980)
[69] D. Dudal, V. E. R. Lemes, M. S. Sarandy, S. P. Sorella, and M. Picariello.
JHEP. 12, 008 (2002)
[70] R. Marnelius and U. Quaade, J. Math. Phys. 36, 3289 (1995)
[71] N. Nakanishi and I. Ojima, Zeit. Phys. C6, 155 (1980)
[72] G. Curci and R. Ferrari, Phys. Lett. B 63, 91 (1976)
[73] M. Chaichian and W. F. Chen, Z.Y. Zhu, Phys. Lett. B387, 785 (1996)
[74] L. P. Colatto, M. A. De Andrade, O. M. Del Cima, D. H. T. Franco, J. A.
Helayel-Neto and O. Piguet, J. Phys. G24, 1301 (1998)
[75] C. P. Constantinidis, O. Piguet and W. Spalenza, Eur. Phys. J. C33, 443
(2004)
[76] A. Das and M. M. S. Jabbari, JHEP. 0106, 028 (2001)
[77] A. A. Bichl, J. M. Grimstrup, V. Putz and M. Schweda, JHEP. 0007, 046
(2000)
[78] M. Faizal, arXiv:1301.4305
[79] N. Ilieva and W. Thirring, Eur. Phys. J. C19, 561 (2001)
15
[80] A. Cappelli, L. S. Georgiev and I. T. Todorov, Commun. Math. Phys. 205,
657 (1999)
[81] X. G. Wen, Phys. Rev. Lett. 64, 2206 (1990)
[82] X. G. Wen, Phys. Rev. B40, 7387 (1989)
[83] X. G. Wen, Phys.Rev. B41, 12838 (1990)
[84] K. Ino, Phys. Rev. Lett. 81, 5908 (1998)
[85] E. Witten, Comm. Math. Phys. 121, 351 (1989)
[86] G. Moore, and N. Seiberg, PHys. Lett. B 220, 422 (1989)
[87] S. Elitzur, G. Moore, A. Schwimmer and N. Seiberg, Nucl. Phys. B 326,
108 (1989)
[88] M. Faizal and Douglas J. Smith, Phys. Rev. D 85, 105007 (2012)
[89] M . Faizal, JHEP. 1204, 017 (2012)
[90] D. S. Berman, M. J. Perry, E. Sezgin and D. C. Thompson, JHEP 1004,
025 (2010)
[91] C. S. Chu and G. S. Sehmbi, J. Phys. A 44, 134504 (2011)
[92] C. S. Chu and D. J. Smith, JHEP. 0904, 097 (2009)
[93] P.-M. Ho, Chin. J. Phys. 48, 1 (2010)
[94] E. Bergshoeff, D. S. Berman, J. P. van der Schaar and P. Sundell, Nucl.
Phys. B 590, 173 (2000)
[95] S. Kawamoto and N. Sasakura, JHEP 0007, 014 (2000)
[96] D. S. Berman and B. Pioline, Phys. Rev. D 70, 045007 (2004)
[97] D. V. Belyaev and P. van Nieuwenhuizen, JHEP. 0804, 008 (2008)
16
